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ABSTRACT

We compare measurements of the Si; scattering parameter to electromagnetic models
of the HERA antenna element. We consider three antenna models that vary in the degree
to which they conform to the as-built configuration of the antenna, and we find that the
predictions of Si; vs. frequency for the three models are significantly different. We further
consider models in which we vary the height of the feed above the dish. We develop a
goodness-of-fit metric for comparing the measurements to the models. We find that of
the three different models for the antenna element, the one that most closely conforms
to the construction of the antenna is clearly the best fit to the data, suggesting that S,
measurements are a good discriminator between models. We further find that the goodness-
of-fit metric differentiates between models of the feed at different heights, and we find the
best-fit height for each model. The best-fit heights agree with those measured in the field,
except for a consistent offset of a few centimeters. This offset may be due to a bias caused
by inaccuracies in the antenna model, errors in the zero point of the field measurements, or
unmodeled motions of the feed (such as horizontal motion or tilt). The internal consistency
of the fitted heights suggests that in principle S;; measurements could be used to measure
feed heights in the field to a precision of about 2cm, if the source of bias could be understood
and corrected. However, S1; measurements may not be practical during operations. We show
that the frequency dependence of antenna autocorrelations on feed height is systematic and
predictable, and thus might be used instead to infer feed height.

1. Introduction

Understanding the response of the HERA antenna to celestial signals is important for
optimizing calibration and assessing systematic errors. The HERA dish+feed system is
complicated, and we are using electromagnetic models of the antenna performance as a
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framework for our understanding. An important step in the analysis is verifying that the
electromagnetic models do indeed reproduce the response of the antenna. The electromag-
netic simulations give models for a number of properties of the antenna, including antenna
gain as a function of azimuth, elevation and frequency (beam patterns), and scattering pa-
rameters as a function of frequency. Ideally, the models would be verified through comparison
to measurements of beam patterns and scattering parameters for real antenna in the field.
Measurements of HERA and low-frequency SKA antenna beam patterns are difficult but
are being explored; see, for example Nunhokee et al. (2020), de Lera Acedo et al. (2018),
Jacobs et al. (2017), Neben et al. (2016). In this memo we focus instead on measurements
of the S scattering parameter, a quantity that is relatively easy to measure with a Vector
Network Analyzer (VNA). We also focus on one particular aspect of the dish+feed system:
the height of the feed above the dish. The effect of feed motions relative to the dish is of
considerable importance as the raising of feeds proceeds during commissioning, and as we
seek to understand the source of non-redundancies in antenna calibration.

Electromagnetic models of the HERA dish+feed system, based on the antenna model
developed by Fagnoni et al. (2021) have been calculated for a range of heights above the
feed. The Fagnoni et al. nominal model is very detailed and computation of many “runs”
of the model with different parameters is expensive. We therefore have also investigated
simplifications to the model that reduce computing time. As a result, we have different sets
of models, detailed and simplified, that can be compared. We have reason to believe that the
detailed model will be a better predictor of antenna performance. Here we assess whether
S11 measurements can distinguish between the different antenna models, and whether the
measurements can in principle be used to determine feed height in the field. Since Sy
measurements may not be practical during HERA operations, we also assess the effect of
feed height variations on the antenna autocorrelation spectra.

In July and September 2018, members of the HERA-MIT and HERA-UVA groups
carried out field measurements of the S11 antenna scattering parameter at the HERA test
site at Galford Meadow in Green Bank, West Virginia. Participants in the July campaign
were Lorena Aguirre, Justin Bracks, Richard Bradley, Suzannah Fraker, Jacqueline Hewitt,
Bang Nhan, and Daniel Riley. Bang Nhan carried out the September campaign. This
memo reports on a subset of those measurements, those that were carried out as the feed
height above the dish was varied. A complete report of the all the measurements and their
comparison to models is postponed for a future memorandum.
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2. Antenna Measurements

A prototype version of the Vivaldi feed was built on-site at Green Bank; Figure 1 shows
the feed on the ground facing the sky along with close-up views of the four-pin feed point
assembly:.

Fig. 1.— Left: A HERA Vivaldi feed, inverted for on-sky testing at Green Bank in July
2018.  Center: Detail of the four-pin feed point assembly. Right: The assembly of the
feed points, custom adaptor plate, and Macom HH-128 180-degree hybrid as a balun.

On 12 July 2018 a Vivaldi feed was raised above the HERA dish in Galford meadow
as shown in Figure 2. A 50-Ohm coaxial cable approximately 50 meters in length carried
signals from the feed points to an Anritsu MS2024A VNA. Calibration of the VNA-cable-
balun response was done by attaching two calibration standards (each with open, short, load
references) to the two-port input of the balun and carrying out the standard Anritsu VNA
calibration sequence. As part of a series of measurements in we which explored changes
in antenna response as properties of the system were varied, we took S11 measurements
with the feed positioned at five different heights. Three of the heights were nominally at
3.53m, 4.91m, and 5.10m above the dish. The other two, for which we do not have measured
positions, were between the 3.53m and 4.91m measurements. Repeated measurements at
several of the heights were made, providing a basis for assessment of consistency.

On 22 September 2018 the feed was again raised, and further measurements were carried
out (Nhan 2018). These measurements were done with an HP 8753D Network Analyzer, also
with a dual-standard calibration procedure. Measurements were made at nominal heights of
4.83m, 4.93m, 5.04m, 5.16m, and 5.29m for the feed above the dish.

Feed heights were measured with a Bosch GLM40 laser rangefinder with its bottom



Fig. 2.— The Vivaldi feed on the HERA dish in Galford Meadow.

reference plane resting on the top of the concrete hub of the antenna. In July, the reference
point on the feed used for the height measurement was 1.5cm from the fiducial reference point
in the electromagnetic models. We measured the top surface of the concrete hub to be 8.3cm
above the vertex on the inner surface of the dish. For comparison with the electromagnetic
models, the nominal feed heights recorded in the field were corrected for the concrete hub
thickness and, in the case of the July measurements, for the offset from the fiducial reference
point. Table 1 summarizes these data.

For the analysis that follows, it is important to have an estimate of the S11 measurement
error. During the July campaign, two measurements of S11 were taken one after the other,
for the purpose of assessing the error. Figure 3 shows the difference between those two
measurements. The standard deviations for the real and imaginary components are 0.00265
and 0.00243, respectively. We take 1/+/2 times the average of these to be the Anritsu VNA
measurement error for one component (real or imaginary) of Sy;: o, = 0.00179. During
the September campaign, there were no repeated measurements of Si;, so we estimate the
error by examining the root-mean-square variation about a polynomial fit. We chose a
section of the spectrum that could be fit by a low-order polynomial fit (the first 50 channels,
50-68 MHz), and found that subtracting a third-order polynomial fit to the Anritsu VNA
(July) data gave the same (within 10%) root-mean-square variation as the differencing of two
successive measurements. Therefore, we fit a third-order polynomial in the same frequency
range to the HP VNA (September) data and take 1/v/2 times the standard deviation to be
the HP VNA measurement errors: o, = 0.00146. Figure 3 shows the data plotted on the
polynomial fits.

In Figure 4 we plot the data after averaging together S11 measurements taken at the
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Label | Laser Correction(cm) | heorr (M) | Nijeas
J1 139in 8.34+1.5 3.63 3
J2 - - — 3
S1 4.83m 8.3 4.91 1
S2 4.93m 8.3 5.01 1
J3 - - — 3
J4 193.25in | 8.3+1.5 5.01 2
S3 5.04m 8.3 5.12 1
Jb 201in 8.3+1.5 5.20 3
S4 5.16m 8.3 5.24 1
S5 5.29m 8.3 5.37 1

Table 1: The ten feed heights for which S;; measurements were carried out. “Laser” refers
to the laser distance measurement recorded in the field. “Correction” refers to the correction
needed to align the measurements with the CST reference point: 8.3cm for the thickness
of the concrete hub in Green Bank and 1.5c¢m for the thickness of the PVC supporting the
feed. heorr refers to the field height corrected for the difference in reference points between
field measurements and the CST models; this is the height we refer to as the “set height”
when we compare measurements and models. For the labeling, “J” refers to a measurement
taken in July, and “S” refers to a measurement taken in September. Nj,c.s is the number of
measurements that were averaged.
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Fig. 3.— Data used for VNA measurement error estimation. Left: Difference between two
successive S11 measurements at the same height for the July (Anritsu VNA) data; real and
imaginary parts. Center: 3rd-order polynomial fit to the July data in the frequency range
50-68 MHz. Right: 3rd-order polynomial fit to the September (HP VNA) data in the same
frequency range.
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same feed height. The number of measurements that went into each average are listed in
Table 1.

Feed Heights 4.58m, 4.78m. 4.98m, 5.00m. 5.19m Feed Heights 4 83m. 4.93m, 5.04m, 5.16m. 5.29m (not in order)
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Fig. 4.— Measured S11 amplitudes and phases for the different heights of the feed above
the dish. Left: data taken in July 2018. Right: data taken in September 2018.

3. Electromagnetic Models

Electromagnetic modeling was carried out using the CST Microwave Studio electro-
magnetic modeling software package!. Three models for the HERA Phase II dish+feed
combination were developed, all based on the the model of Fagnoni et al. (2021), and dis-
cussed in more detail by Nhan et al. (URSI 2021) and Nahn et al. (memo in preparation):
(1) The Fagnoni et al. “detailed” model, originally implemented in the 2016 version of CST,
was modified to run on the 2020 version of CST; (2) a “simplified” HERA antenna model
was created by removing the screw mounting holes, cables, the front-end module (FEM),
and mounting hardware; (3) and a “simplified+FEM” model was created by adding the
FEM back into the simplified model. Figure 5 shows a diagram of the model for the feed.

Thttp: /www.3ds.com/products-services/simulia/products/cst-studio-suite
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We note that the presence or absence of the FEM, a metallic structure of size comparable to
structures in the feed in the nearfield region, might be expected to affect the results of the
modeling. In Figure 6 we display the S11 amplitudes and phases for the three electromag-
netic models. There are significant differences in S11 amplitude and phase between the three
models, particularly at the higher frequencies. Extensive modeling of feed motion, including
variations in position and tilt, are in progress and will be reported elsewhere. In this memo
we focus on a sequence of models with feed motion in the vertical direction, and we compare
the agreement between measurement and model for two of the models, the detailed and
simplified models.

uog - Zh
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Fig. 5.— A diagram of the CST feed model (reproduced from Fagnoni et al., 2021). The
reference point for the fiducial feed height of 5m is marked by the red dot.
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Fig. 6.— A comparison of S11 amplitudes and phases for the three electromagnetic models.
The height of the feed above the dish is 5.00m for all three.
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For the simplified model, CST calculations of S11 were carried out for heights of -50cm,
-45cm, -40cm, -35cm, -30cm, -25cm, -20cm, -15cm, -10cm, -5cm, Ocm, 5cm, 10cm, 15cm,
20cm, 25cm and 30cm relative to the fiducial feed position. For the detailed model, CST
calculations of S11 were carried out for heights of -42cm, -22cm, -17cm, -7cm, -4cm, Ocm,
4cm, 16cm, 19cm, and 29c¢m relative to the fiducial feed position. For both sets of models, the
real and imaginary components of S11 at these values of the height were interpolated, using
a cubic spline,? onto a grid that spanned the range of heights modeled, and was sampled with
a resolution of lcm. The interpolated Si; quantities are plotted in Figure 7. The functions
appear to change smoothly with feed height, and the interpolations do not appear to have
any numerical artifacts. We experimented also with polynomial fitting and resampling to
the grid; this did not significantly change the results.
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Fig. 7— Real and imaginary parts of modeled S11, interpolated onto a grid that spans the
range of heights of the feed. Left: Detailed model. Right: Simplified model. The units are
linear.
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4. Comparisons of Measured and Modeled S11

To compare the measured (data) and modeled S11, we compute the following statistic

X2 = Z l<Re(Sll’m) — Re(S11.4))° + (Im(S11,m) — Im(S11,4))° (1)

O-g/Nave Og/Nave

=1

where “m” and “d” refer to the model and the data, respectively, N, is the number of
S11 measurements averaged together, and o, is the error on one measurement described in
Section 2. In the presence of gaussian measurement errors, this statistic should have a y?
distribution. Our field measurements of height come with considerable uncertainty, probably
at the level of one to a few centimeters. Therefore, for each feed height measurement, we
allowed the model height to be a free parameter, and we computed the y? statistic as a
function of the model height. We did this calculation for the two sets of measurements and
the two models, resulting in the four panels of results presented in Figure 8 (for the September
measurements) and Figure 9 (for the July measurements). For the July measurements, we
restrict the comparison to those data for which the set height is known and within the range
of the heights in the models. For both sets of measurements, the detailed CST model is a
better fit to the data than the simplified CST model. The detailed model better reproduces
the S11 behavior of the data, and only the detailed CST model has values of the reduced y?
that are smaller than 5. As noted above, we have a priori reason to believe that the detailed
model, with its inclusion of more structures that we know are part of the antenna element,
is a better model. The S;; measurements appear to confirm this. Therefore, this exercise
suggests that S7; measurements can be used to discriminate between different models of the
HERA antenna elements.

5. The Best-Fit Heights

The S11’s clearly change significantly with different heights of the feed, and an interest-
ing question is whether measurements of S11 could be used to determine the heights. Since
the simplified model is not a good fit to the data, we consider just the detailed model in
this section. Table 2 compares the set height, the fitted height, and the difference for each
measurement. Differences range from 4cm to 7cm for the September data, and they are 9cm
and 11lcm for the July data. The first author of this memo is of the opinion that it is entirely
possible that the reference points for the two experiments were registered differently at the
level of about 5ecm. The results of the fitting exercise all place the best-fit antenna height
above the measured height.
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Fig. 8.— Comparison of the September data to the detailed model (left) and the simplified
model (right). The top row shows the reduced x? statistic as a function of the modeled feed
height. We take the best-fit height to be the value of the height at the minimum. The second
row shows the measured Si; as a function of frequency (blue) and the Si; for the model that
assumes the best-fit height, also as a function of frequency.
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Fig. 9.— Comparison of the July data to the detailed model (left) and the simplified model
(right). The data and models are displayed in the same way as Figure 8.

6. Prediction of Antenna Autocorrelation Spectra

We follow the derivation of Fagnoni et al. 2020 to predict the response of the antenna-
receiver system to an incoming electromagnetic wave, referring to Figure 10. We seek to
derive the response of the system, V5, to an incident electromagnetic wave, E;,. This fre-
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Label | Set Height (m) | Fitted Height (m) | Difference (m)

S1 491 4.97 0.06
52 5.01 5.08 0.07
J4 5.01 5.12 0.11
S3 5.12 5.18 0.06
Jb 5.20 5.29 0.09
S4 5.24 5.28 0.04
S5 2.37 > 5.29 -

Table 2: The seven feed heights for which the “set heights” (heights measured in the field,
corrected to a common reference point) were within or near the range simulated in the
electromagnetic modeling. The “fitted height” is the best-fit height in the data-model com-
parison; for the S5 comparison the minimum appears to be just outside the range modeled.
For the labeling, “J” refers to a measurement taken in July, and “S” refers to a measurement
taken in September.

quency and angle dependent response is H(v, 0, ¢) defined by

Va(v,0,0) = H(v,0,¢) - Ein(v,0, 0) (2)

and like the effective length of the antenna h(v, 0, ¢), the quantity that links the amplitude
and direction of an incoming electromagnetic wave vector to the voltage at the antenna
terminals, H(v, 0, ¢) has units of length. The open-circuit voltage at the antenna terminals
can be treated like that of a generator, with internal impedance Z.,, delivering the voltage
Voe:

Vi(v,0,¢) = Voe(v,0,¢) =h(v,0,9) - Ew(v, 0, 0) (3)

The effective length of the antenna is the same in transmission and reception according to
reciprocity principle. We use electromagnetic modeling of transmission by the antenna to
determine a model voltage beam pattern E,; (units are Volts/meter), and this is related to
the effective length by (see Orfanidis 2016, Chapter 16):

Arr

h(v,0,¢) = —Epa(v,0, 9) mi (4)

where k = 27/ is the amplitude of the wave vector, Zg = 377 2 is the free space impedance,
and Ig,(v) is the current at the feed point (note that E,, drops off as 1/r, so h has no
dependence on 7).

We determine the effective length in electromagnetic modeling by simulating the antenna
in transmission, excited by the current Ig,(v) at the feed point. The power wave associated
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Fig. 10.— Left: (Figure 3 of Fagnoni et al. 2020): Equivalent electrical circuit of the antenna-
RF receiver system. Center: Power wave incident at the feed point for the electromagnetic
modeling. Right: Current at the feed point for the electromagnetic modeling.

with the current that excites the antenna at the feed point has amplitude

a (V) _ pr(’/) + ZOpr(V)
fp - 2\/70

Here, Z; = Z, = 100 €2, appropriate for a differential mode signal traveling on 50-2 cables
and we have Vi, = I, Z,n (see Figure 10). Therefore, we can express the current at the feed

(5)

point in terms of the amplitude:

Ior) = 2 2el) ©

Substituting into Equation 4 gives

2 .Zant(y) + Zo
kas] \/Zoafp(l/)

The magnitude of the simulated antenna pattern at each frequency will scale with the input

h(V78,¢> = Epat(yaevgb) (7>

signal amplitude ag, () and with the distance r from the antenna; the CST software corrects
for the variation of ag, () with frequency and outputs the beam pattern at a fiducial distance.
For our study of the dependence of the antenna autocorrelation on frequency, we are not
interested in the overall amplitude of the signal. However, the antenna impedance and the
complex beam pattern are both functions of frequency. Therefore, we define a normalized
version of the antenna effective length that captures all the frequency dependence of the
antenna effective length but has an arbitrary overall amplitude:

Zant<7/) _'_ Zo

ho<l/797¢>:_ y\/7

Epat (1,0, 0) (8)
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Finally, we use the relationship between V. and V5 (assuming Z; = Z,)

ZoZr21(V) ]
(Zo + Zr22(V))(Zant (V) + Zr11 (V) — Zyon (V) Zr12(v)

Vi) = Ve |

to write H, = Voho/V,. as

y B Zant (V) + Zo ZoyZnoy (V)
H,(v,0,¢) = —Epa (v, 6, ¢){ w2, ] [(ZO+ZT22(V))(Zam(y)—i—ZHl(y)) Zm(y)grol;(y)}

where the subscript r denotes to the impedance of the receiver, which in our case includes
the HERA FEM and PAM.

Data on the receiver scattering parameters have been kindly made available by E. de
Lera Acedo®. To use these data to determine H,, we can rewrite the last term in brackets in
terms of the scattering parameter Sy, relating a wave incident on the 2-port network. For a
linear two-port network, the impedance matrix is defined by

Vi Z11Z12} {f 1}
= 11
[Vz] |:Z21ZZQ I (1)
and the scattering matrix is defined by
bl:| {511512} {all
= 12
{52 S21522| |as ( )

where a; and b; are the incoming and outgoing power waves for the ¢th port. The relationship
between the impedance matrix and the scattering matrix is

S=(Z-2ZI)(Z+ Z,I)™* (13)

Z=10-S)"Y1+9)7, (14)

where I is the identity matrix (see, for example, Orfanidis (2016), Chapter 14). We need the
matrix element Ss; which is

222120

So1 = 15
2! (Z11 + Z,)(Zas + Zo) — Z12Zn (15)
Substituting this into the expression for H, we have
Zan v)+ Zo
HO(V707¢) = t( ) Epat(V7Q7¢>ST21 (16)

v\ 2,

3http://git.mrao.cam.ac.uk/shc44/HERA-RF /- /tree/master /RF _tests
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where S,9; is an element of the scattering matrix that relates the power wave amplitude
incident on the receiver to the power wave amplitude leaving the receiver.

Equation 18 can also derived by considering the power wave incident at the antenna
terminals, and propagating it through to the output of the receiver.

The elements of the 3 x 3 scattering matrix for FEM233_PAM233_E are plotted in
Figure 11. Port 2 is the output port; single-ended ports 1 and 3 must be combined to form
the differential input port giving:

1
Sro1 = 52154 = —2 [Szlss - 52355] (17)
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Fig. 11.— Left: Measured scattering parameters of FEM233_PAM233_E. Right: S,2;(v) (see
Equation 17).

To predict the frequency dependence of uncalibrated autocorrelation of an antenna from
the CST-modeled S;; of the antenna we need to integrate the sky brightness weighted by the
antenna pattern. However, if the sky brightness is dominated by a bright source at boresight,
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the response can be approximated by

Zant(y) + Zo
v 2,

We have combined the antenna impedances given by the CST models, the frequency depen-
dence of the antenna gain at boresight given by the CST models, and the S,9; scattering

H,(,0,0) = Epui (1, 0,0)S,21 (1) (18)

parameter inferred from measurements to compute the response of the antenna-receiver sys-
tem. The results are shown in Figure 12. We also show measurements of HERA antenna
autocorrelation spectra (reproduced from Dynes et al. 2019). The autocorrelation spectra
were taken with the array pointing at galactic coordinates (¢,b) = (309°,32.5°), and the
spectra represent the convolution of the sky brightness at that point convolved with the
antenna beam, propagated through the system response. We do not expect the detailed
features of the response function to match the measured spectra, because we do not have a
model that gives the scattering parameters for an antenna placed in an array (and we have
seen in Section 4 that the S; scattering parameter is sensitive to details of the antenna
construction). However, in both the model and the data, features in the spectrum move
to the left (lower frequency) as the feed is raised. This is expected, because as the feed is
raised standing waves between the feed and the dish will have a longer wavelength. Also, the
magnitude of the frequency drift of features with feed height is larger at higher frequencies.
This is also expected, because at higher frequencies a given motion of the feed is a larger
fraction of the wavelength. It appears that the changes of the autocorrelation spectra with
feed height are systematic, and in principle could be predicted with an accurate antenna
model. In the absence of such a model, the response could be calibrated with measurements
of autocorrelation spectra with the feed at different heights.

7. Summary

Three electromagnetic models for the (isolated, not in an array) HERA antenna element
that differ in the degree to which they include components of the real antenna give signifi-
cantly different predictions for the scattering parameter Si; as a function of frequency. In a
comparison of two of the models to S;; data measured in the field, the one that more closely
reproduces the as-built antenna (i.e., the “detailed model” of Fagnoni et al.) is clearly a
better fit to the data. This suggests that one should seek agreement between modeled and
measured S7; when evaluating the fidelity of an electromagnetic model, and that the sensitiv-
ity of the S1; parameter to details of the antenna construction make it a good discriminator
between models.

Physically measuring feed heights in the field is cumbersome and prone to error, so we
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Fig. 12.— Left: Modeled antenna-feed system reponse as a function of frequency (see
Equation 18). Right: Field measurements of autocorrelation for different feed heights.

explored whether S;; measurements might be used to determine feed height. This could
be useful in data analysis (for example, for selecting from a library of antenna models)
or in operations (for example, for determining whether the height of a feed needs to be
adjusted). Electromagnetic models that reproduce the detailed model of Fagnoni et al,
except for variations in the feed height, predict significant differences in the behavior of Sy
versus frequency for different feed heights. We formed an interpolated grid of a set of the
models, and found the best-fit height for each measurement of Si;.

The best fit heights were found to be consistently larger than the height measured in
the field, at the level of at least a few centimeters. It is possible that the determination
of the position of antenna vertex in the field was in error by this amount. An alternative
possibility is that the model does not exactly reproduce the performance of the antenna (the
fits are not perfect, after all), and the data-model comparison produces a biased estimator of
the feed height. A third possibility is that, in addition to the motion in the vertical direction
modeled, there was feed motion in the horizontal direction and/or tilt that is biasing the
estimate of height. The scatter within each group of measurements suggests that the model-
data comparison procedure presented here could be capable of determining feed position
with a precision of about 2cm, if the source of the bias could be understood.

Measurements of S7; produce radio frequency interference, so it may not be practical to
carry out such measurements during periods of science operations. Therefore, we modeled
the response of the antenna-feed system by combining the modeled antenna impedance, the
modeled antenna beam pattern, and measurements of the receiver scattering parameters.
When combined with a model of the sky, this response in principle gives a prediction of
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the antenna autocorrelation function. Since we do not have a detailed model of the HERA
antenna embedded in an array we are unable to do this prediction for the HERA autocor-
relation spectra. However, we find qualitative agreement between the the modeled system
response and data taken in the field. We believe it is safe to conclude that the autocorrelation
spectra vary systematically with feed height, and that the relationship could be calibrated
with measurements taken as the feed height is varied.

Further modeling of feed motion, that includes horizontal motion and tilt, is in progress.
We plan to explore whether including these degrees of freedom in the modeling improves the
agreement of the measurements and models. We also would like to explore whether observa-
tions made with the Galactic center in the primary beam might have sufficient signal-to-noise
to enable determination of feed height from measurement of the antenna autocorrelation
spectrum.
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